We study a realization of the composite Higgs scenario in the context of the effective model with the SU (2)L × U (1)R symmetric four-fermion interactions proposed by Miransky, Tanabashi and Yamawaki. The model implements Nambu's mechanism of dynamical electroweak symmetry breaking leading to the formation oftt andbb quark condensates. We explore the general vacuum structure and spectrum of the theory by using the one loop effective potential. As a direct consequence of this mechanism, the Higgs acquires a mass close to the value mH √ 2mt. The present prediction differs from the previous estimate mH = 2mt and is phenomenologically preferable. The other consequence of our consideration is the existence of a critical point g1 = gc, g2 = g3 = 0 where the original SU (2)L × U (1)R theory possessing a heavy sequential Higgs state turns into the U (2)L × U (2)R symmetric theory where the heavy Higgs is transformed into a Goldstone mode.
I. INTRODUCTION
Since the initial proposal of Nambu for the origin of the nucleon mass [1, 2] , the dynamical symmetry breaking in the underlying strongly coupled theories has been widely studied and presently provides a firm framework for the modern versions of the origin of mass beyond the Standard Model (SM) [3, 4] . In particular, the large topquark mass may be a signal of dynamical electroweak SU (2) L × U (1) R symmetry breaking viatt condensation. This idea has been discussed by Nambu [5] , and independently, and more concretely, developed by Miransky, Tanabashi, and Yamawaki [6, 7] , who placed the idea firmly in the context of the Nambu-Jona-Lasinio (NJL) model demonstrating that NJL is a strong coupling theory with non-zero critical coupling and a large anomalous dimension γ m = 2 [8] . An attractive feature of such a scenario is that one can relate the top quark mass with the electroweak scale through the Pagels-Stokar formula. This approach was subsequently elaborated by Marciano [9] , and Bardeen, Hill and Lindner [10] . The latter paper provides a detailed analysis of the scheme with the connection to, and improvement by, the full renormalization group. The Higgs boson is shown to be a "deeply bound state" [11] composed oftt, where the top and Higgs masses are predicted by the infrared fixed point [12] [13] [14] .
It is the purpose of the present paper to explore two important aspects of the model [6] . First, we suggest a * aaosipov@jinr.ru † brigitte@fis.uc.pt ‡ msampaio2@yahoo.com natural solution of the main phenomenological problem of this model -the unsatisfactory prediction of the Higgs mass m H = 2m t in the large N c limit, where N c is the number of colors. To this end we derive the effective potential at the one quark loop order, which accounts for the leading 1/N c effects. The minima of this potential (given by gap equations) contain all necessary information on the ground state. From these equations follows that at some critical values of the four-quark couplings the SU (2) L × U (1) R symmetry is broken spontaneously, exactly in the way as Nambu explained the origin of the nucleon mass. Considering small fluctuations around the ground state we obtain the mass formulas and show that the mass of the SM Higgs is described by the formula m H = 2(m 2 t + m 2 b ) √ 2m t . This finding opens the door for a successful prediction of the Higgs mass in this model. The reasoning will be explained in the next section.
The second goal of our work is to derive the expression for the mass of the sequential Higgs which appears naturally in the spectrum of the model [6] . There is a definite interest and there are quite reasonable symmetry arguments in favour of states with masses of order ≤ 5 TeV, and with approximately universal Higgs-Yukawa (HY) coupling constants, g ∼ 1 [15] . We show that predictions based on the model [6] at leading order in 1/N c do not exclude the pattern with a relatively light mass and support the universal character of the HY couplings for both Higgs states.
We emphasize that all our results are obtained on the basis of one-quark-loop calculations and should be viewed only as a simplified model discussion of the actual physical situation which arises in the leading order in 1/N c at scale Λ ∼ 10 8 GeV. We neglect all sorts of radiative corrections, e.g. due to gauge bosons. Nonetheless, such simplified considerations deserve closer attention in the context of the Nambu-Jona-Lasinio mechanism of dynamical electroweak symmetry breaking laid down in the present model.
We begin Sec.II by deriving the one-loop effective potential corresponding to the model [6] . The potential leads to the minima conditions which contain an important information about the ground state of the theory and possess non-trivial solutions corresponding to the non-symmetric Nambu-Goldstone phase. The non zero quark condensates t t and b b arise once the coupling constants exceed their critical values. As a result, the originally massless top and bottom quarks acquire their masses. Considering small fluctuations in the nonsymmetric vacuum we obtain the masses of the scalar modes corresponding to the standard Higgs and its sequential partner. Next, we obtain the Higgs-Yukawa couplings λ t and λ b , and fix the value of the ultraviolet cutoff Λ.
In Sec.III we present the results of the numerical calculations, based on our analytical results of Sec.II. The interval of the allowed values for coupling constants at fixed scale parameter Λ is plotted and general properties of the arising solutions are discussed. Here we also discuss the critical behaviour of the system at some specific values of coupling constants.
We summarize our results and approximations in Sec. IV.
II. THE TOP-BOTTOM SYSTEM WITH FOUR QUARK INTERACTIONS
Let us consider the model with
Here we focus, for simplicity, upon the third electroweak generation of quarks, ψ 1 = t and ψ 2 = b (the Latin indices take two values a, b, c = 1, 2; the color indices of quark fields are suppressed). The left-handed heavy quark SU (2) doublets correspond to
The chiral projection operators are defined as
The gauge covariant derivatives are standard
where the matrix Q = T 3 + Y L describes the electromagnetic charges of top and bottom quarks in relative units of the proton charge e > 0; A µ = A i µ T i and B µ are gauge fields of the SU (2) L and U (1) R groups of local transformations, respectively; g and g are coupling constants, the SU (2) Lie algebra generators are T i = τ i /2, i = 1, 2, 3, where τ i are Pauli matrices.
The four-quark interaction L 4ψ is associated with a high energy scale, Λ, and corresponds to the top quark condensate model (top-mode SM). The Lagrangian density of the model has the most general
where the three independent couplings g i have the same dimension M −2 . This Lagrangian density belongs to the class of dynamical symmetry breaking interactions. In [6] it has been shown that the Schwinger-Dyson ladder equations corresponding to (5) admit a solution without
In particular, in the lowest order in g 2 these equations reduce to two independent ones for the top and bottom fermion mass functions Σ t (p 2 ) and Σ b (p 2 ), with coupling constants g t ≡ g 1 + g 3 and g b ≡ g 1 − g 3 , respectively, and with zero fermion bare masses. In view of the critical line of the model [6] , it follows that if the coupling constant g t is large enough (g t g c 1, where g c = 4π
2 /(N c Λ 2 ) is the critical coupling) and the coupling g b is small, then the top quark obtains the dynamical mass Σ t (0) ≡ m t , while the bottom quark does not, neglecting a small mass due to color interaction. The b quark only acquires (current) mass from thett condensate through the perturbative g 2 interaction. One can further assume a small bottom condensate b b by fine-tuning the bottom four-fermion coupling: g t > g b > g c [4] .
These features of the theory are especially clear after its bosonization. Indeed, we obtain that the theory with the Lagrangian density (1) is equivalent to a theory with the following linearized four-quark interactions
where
To carry out the 1/N c expansion, one now integrates over the quark fields, yielding the effective Lagrangian density
with N c being the number of colors. This expression contains, in particular, the kinetic terms for the auxiliary fields σ = σ α τ α , π = π α τ α (Greek indices α, β = 0, 1, 2, 3, and τ 0 = 1). To study the spontaneous symmetry breakdown one needs to construct the effective potential V eff (σ α , π α ) [16] . The effective potential, being a collection of all nonderivative terms of the π α and σ α fields, contains the full information about the true vacuum states of the theory describing both the unstable symmetric phase and the Nambu-Goldstone non-symmetric phase simultaneously. Unfortunately, the exact calculation of the effective potential is beyond our possibilities, except for trivial models. Nonetheless, there exists a sensible approximation method to determine V eff (σ α , π α ). This is the loop expansion [17] . In the one-loop approximation we have to sum the series shown in Fig.1 for vanishing external momenta. Each term in this sum, starting from the second diagram, has an apparent infrared divergence generated by the massless fermions (in the unstable symmetric phase). Fortunately, the whole series can be summed. After summing we should introduce an ultra-violet covariant cutoff Λ to integrate over 4-momenta in the Euclidean momentum space. As a result, we obtain
Assuming that only σ 0 and σ 3 develop the non zero vacuum expectation values: σ 0 = −m 0 , and σ 3 = −m 3 one obtains the extremum conditions (gap equations) to find these values.
, and
The nontrivial solution of this equation leads to the quark mass matrix
The physical case m t m b is located near the solution m 0 = m 3 = m/ √ 2 with the quark masses m t = √ 2m, m b = 0. Such a solution requires g 2 = 0, as follows from (10) , and the equation for m is
[It may be helpful to compare our result (14) with the one obtained on the basis of the Schwinger-Dyson equation for the proper self-energy part of the top-quark propagator, i.e., with the gap equation (2.3) of Bardeen, Hill, and Lindner [10] . Their model corresponds to the case g 2 = g 3 = 0. Thus we find from (14)
It is clear now that there is a full correspondence with eq. (2.3) up to the unessential redefinition of the cutoff scale Λ = Λ BHL / √ 2. This also leads to the same "critical" constants:
for both approaches.] One may also consider the non trivial solutions with m t = 0 and m b = 0. It is then convenient to represent the gap equations in the form
These two equations relate four unknown fundamental parameters of the model g i , Λ with two dynamical variables m t and m b . Taking the phenomenological values m t = 173 GeV, m b = 4.18 GeV as an input, one can obtain the phenomenologically allowed region for the model parameters; for instance, it can be a 2-dimensional surface in a 3-dimensional space parametrized by g 1 , g 2 and Λ. Furthermore, let us consider the mass spectrum of the theory, the Higgs part to be precise. The corresponding masses follow from the effective potential V eff (σ α , π α ) written in the Nambu-Goldstone phase. For that, one applies the shifts σ 0 → σ 0 − m 0 and σ 3 → σ 3 − m 3 , then diagonalizes the quadratic part of the potential, and finally rescales the field variables
The latter are induced by the kinetic term of the effective Lagrangian, which has a factor ∼ I 1 (m 2 ). To put it in a canonical form one must rescale the fields. As a result we come to the mass part of the Lagrangian
with the masses
and the diagonalized fields are given by the orthogonal rotations
with the following identifications inside the weak isospin doublets (x, y) = (σ 3 , σ 0 ), (σ 2 , π 1 ), (π 0 , π 3 ), (π 2 , σ 1 ) and
.
The angle θ π/4 is due to m t m b . This spectrum contains the composite Higgs state H =σ 0 accompanied by the appearance of the composite Nambu-Goldstone bosonsπ i to be absorbed into longitudinal W ± and Z polarization states . Additionally, there are four degenerate heavy modesπ 0 andσ i representing a new sequential Higgs iso-doublet.
Notice that the mass of the SM Higgs state obtained in our approach, m H √ 2m t , substantially differs from the previous studies (see a review of Yamawaki [4] , where another expression is considered, namely m H = 2m t ). The latter result leads to the well-known phenomenological problem of the top-mode SM. Indeed, it is known [4] , that the leading 1/N c result for m H is modified by the effects of the SM gauge interactions by approximately a factor 1/ √ 2 [7, 10, 18, 19] , and is further modified approximately by the same factor due to some of the next-to-leading order 1/N c corrections arising if the ultraviolet boundary condition ("compositeness condition" [10] ) is taken into account at the GUT scale, where both effective couplings of top Yukawa y t and the Higgs quartic coupling λ diverge. As a result, one obtains still the unsatisfactory prediction m H m t . Our calculations under the same reasoning lead to the phenomenologically successful prediction m H m t / √ 2 = 122 GeV.
One may ask why the two approaches give different predictions for the Higgs mass. The result m H = 2m t follows from the sum of scalar channel fermion bubbles, generated by thetttt interaction in the Nambu-Goldstone phase. The interactionbttb vertex has been neglected. The result mσ 0 √ 2m t is obtained without such approximation. We manage to take into account both 4-quark interactions by working in the symmetric phase, where there is no essential difference between the topquark loop and the bottom quark loop. Only after the evaluation of the quark loop integrals is effected do we study the consequences of such summation for the theory in the Nambu-Goldstone phase. As a result, the composite Higgs is not a loosely bound state, which lies on top of the threshold for the opentt decay channel, but, on the contrary, a deeply bound state.
Consider the other prediction following from the top condensation model. This model has a sequential Higgs state which is formed by the π 0 and σ i fields. The new Higgs states are usually intended to explain the mystery of the origin of the small parameters of the SM. For instance, the new Higgs doublet can explain the origin of the observed Higgs-Yukawa coupling of the b-quark y b 0.024 [15] . This is due to the power law suppression which arises from the large mass of the new Higgs field and its mixing with the SM Higgs doublet. Here, we would like to derive the HY couplings λ t , λ b , and fix the value of the cutoff Λ. Let us consider the Yukawa part of the Lagrangian density (6). It is not difficult to verify thatψ
where the completely antisymmetric unit tensor of second rank ab has two nonzero components 12 = − 21 = 1. The two Higgs iso-doublets are
Here H 1 plays the role of the standard Higgs, and H 2 is a second heavy Higgs state. The Yukawa couplings λ t and λ b are
It is obvious now that the ratio of couplings responsible for the Yukawa interactions of the standard Higgs is equal to λ b /λ t = m b /m t . This formula gives an explicit relation between the ratio of the HY couplings and the dynamically generated masses [due to Nambu's mechanism] of the top and bottom quarks. Comparing expressions (26) with the SM result y t = √ 2m t /v, we conclude that
where v is the vacuum-expectation value of the Higgs field. This can be used to fix the value of the cutoff. Considering that m t = 173 GeV and m b = 4.18 GeV we find Λ = 1.2 × 10 8 GeV. This is a characteristic scale at which the formation of thett condensate takes place.
At this stage the model still has one unfixed parameter, because to fix g 1 , g 2 , g 3 and Λ we used only three phenomenological values m t , m b and v. This freedom manifests itself in the magnitude of the parameter g 2 , which may change in the interval 0 ≤ g 2 ≤ g 2 1 . From the mass formula (20), in particular, follows that on the low boundary of this interval mπ 0 = ∞, i.e. the second Higgs state is frozen. One may wish to consider this as the bridge to the SM. At the point g 2 = 0, we have an additional restriction on the couplings g i . Representing
and noting that the second factor is equal to 1/I 0 , due to equation (15), we conclude that the only possibility to get g 2 = 0 is to put the first factor to zero. This leads to the equations
III. NUMERICAL ESTIMATES
Consider solutions of the gap equations (15)- (16) in detail. The two parameter space that characterizes the domain of acceptable values of the g 1 and g 2 couplings is shown in Fig. 2 . The first panel displays the function 8 GeV. The shaded and white regions correspond to g 2 ≤ 0 and g 2 > 0 respectively. Acceptable solutions are limited to g 2 > 0, in the white area. The diagonal line intercepting the axes corresponds to different g 2 values, the red dot (color online) denotes the g 2 = 0 case. We stress that g 2 = 0 corresponds to the upper boundary of the forbidden region, where the sequential Higgs isodoublet is frozen.
The second panel shows the function (30) for three decreasing values of the bottom quark mass. Keeping the cutoff constant, one sees that the y−axis is intercepted at the same point, while the interception at the x−axis moves towards the origin for decreasing values of m b . As m b decreases the white region of allowed solutions shrinks, which is denoted by shaded areas of different intensity. Ultimately, for m b = 0 the solutions are restricted to the g 1 axis. A striking property of the solutions at constant Λ is that the boundary points g 2 = 0, denoted by the red dots (color online), move on a straight line for decreasing values of m b , thus having the same g 1 value. This behavior is also obtained analytically, see the discussion below.
Let us study the specific features of the gap equations. It is instructive to begin our analysis with the particular case m b = 0. Since the bottom quark is massless when g 2 = 0, we have m 0 = m 3 = m/ √ 2 = m t /2. The corresponding gap equation (14),
has a nontrivial solution only if g 1 + g 3 > g c , i.e. ,
2 N c Λ 2 = 9.14 × 10
Actually, this result does not depend on the mass of the bottom quark. Considering the case with m b = 0, and using eq. (15) in the form
we conclude that the nontrivial solution with m b = 0 exists once the condition g 1 + αg 2 > g c is fulfilled. From eq. (16) one finds that
Therefore, the nontrivial solution of the gap equation (33) The requirement g 2 > 0 may be written in the form
This yields the upper boundary g be any solution belonging to the diagonal in Fig. 2 , which represents a very narrow interval 0 < g
It is convenient to introduce the parameter to measure a deviation from the boundary point g 2 = 0 along the diagonal
This parameter changes in the interval 0 < ≤ 1. The easiest way to see this is to consider the case of the diagonal corresponding to m b = 0, which is actually a vertical line directed along the g 1 axis. In this case, as it follows from (36) and (16), we find
Thus, at the bottom of the interval (g 1 = g 3 ) we have = 0, and at the top (g 3 = 0) = 1. The mass of the heavy sequential Higgs particle (20) can be written in terms of
This function is plotted in Fig. 3 . The curve in the figure corresponds to the parameter set obtained from the solutions of the gap equations at fixed (empirical) values of m t , m b , and at the particular value of Λ given in Fig. 2 . The region of steep rise of mπ 0 signals that the function approaches the critical condition g 2 = 0, i.e., = 0. The mass mπ 0 tends to zero at → 1. This is a well known phenomenon related with spontaneous symmetry breaking. The chiral U (2) L × U (2) R continuous symmetry is dynamically broken at = 1, the quarks acquire their masses m t = m b = m 0 and a Goldstone boson appears.
IV. CONCLUSIONS
In this paper we concentrated on the vacuum structure of the model proposed by Miransky, Tanabashi and Yamawaki in [6] . In accordance with a time-honored tradition we chose the method based on the construction of the one fermion loop effective potential. This corresponds to the leading order 1/N c result. Our reasoning was to avoid direct calculations of the fermion one loop diagrams directly in the Nambu -Goldstone phase, where fermions have very different masses m t m b , which are not easy to handle consistently. It was more efficient to start from the massless fermion loop in the symmetric phase. In this way, we managed to obtain a rather simple effective potential, to extract its extremum conditions (gap equations), to specify the ground state of the theory, and, finally, to analyze the main consequences of the approach for the spectrum of collective modes, which are the composite Higgs states.
This approach has a series of interesting consequences. Firstly it leads to a new expression for the mass of the SM composite Higgs, m H = 2(m 2 t + m 2 b ), which is smaller by approximately a factor √ 2 than the result obtained in the literature. This value, which is still significantly larger than the phenomenological value of the standard Higgs mass, is however expected to decrease due to corrections referred to atfer eq. (23), reaching the empirical value of m H .
Secondly, the calculations related with the Yukawa coupling constants of two composite Higgs fields with heavy quarks predict that the sequential Higgs couples with the bottom quark stronger than with the top quark [see eq. (24)]. This is the opposite behavior as compared to the case of the standard HY couplings. In this respect it may be appropriate to notice the result of paper [15] where the additional SU (2) R symmetry has been responsible for a similar relation between the top quark coupling of the standard Higgs, g t , and the bottom quark coupling of the sequential Higgs, g b , i.e., g t = g b .
Thirdly, the existing phenomenological data allow to fix the value of the cutoff Λ ∼ 10 8 GeV. This value is below the GUT scale 10
15 GeV giving some credit to the scenarios with several Higgs states. Unfortunately, we did not obtain a definite prediction for the second Higgs mass. This issue requires additional studies. Nevertheless we managed to describe the fate of this state if the couplings g i deviate too much from the boundary point g 2 = 0. The gap equations predict that in this region a phase transition occurs, which switches this mode to a massless Goldstone state.
We hope that the results obtained here contribute to the further development of the model, since they are obtained on the basis of fairly simple approximations which, on one hand, have been quite successful and, on the other, can be developed in several straightforward directions. 
